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Application of Smith’s Model to Rotational Temperature
Measurements in Nitrogen

JEAN-CLAUDE LENGRAND* AND MICHEL CLOUPEAUYT
Laboratoire d’ Aérothermique du Centre National de la Recherche Scientifique, Meudon, France

Improvements are brought to Smith’s method for determining rotational temperature in low density nitrogen
using the electron beam technique. All constants to be taken into account in the model are calculated numerically.
The parameter which characterizes the relative contribution of secondary electrons to luminescence is deduced from
an empirical expression based on previous experimental work. All information is given for a practical use of the
method. Its precision is estimated to 5%/ in the density and temperature range investigated.

Nomenclature

= probability of a quadrupole interaction to occur

= intensity of the K’ line of the R-branch

= rotational quantum number

= ratio of respective contributions of secondary and
primary electrons to laminescence

= mass of electrons

= gas number density

P = population of K level

=number density of secondary and primary electrons,
respectively

= probability of transition

= Cross section

=ratio of respective intensities of (0-2)2P band and
(0-0)IN band

= temperature

{K|X*X|K"y = matrix element

K = normalized matrix element
& = energy of electrons
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Subscripts and Superscripts

= electronic state

= vibrational level
= rotational level

= measured

= rotational

= secondary electrons
= primary electrons
(0-0)IN band
(0-2)2P band

= excited state

= final state
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Introduction

HE electron beam probe has been used by numerous

experimenters for measuring local rotational temperature
T, in low density nitrogen flows. The early method proposed by
Muntz' allows T, to be calculated from the relative intensities of
rotational lines of the emitted light, assuming that electron beam
excitation obeys the dipole selection rule. Using Muntz’ model,
Ashkenas? clearly showed that the ratio T,,/T, of the measured to
the real rotational temperatures essentially depends on number
density n, on temperature T, and on the number of lines used
in the calculation. Other experiments®~> lead to the same
conclusion. Different authors, then, improved Muntz’ theory
with either empirical corrections to measured temperature?~>
or generalizations of the initial model.®-’
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The model proposed by Smith” appears to be one of the most
complete. It tries to correct errors due to the influence of
secondary electrons; however, it has rarely been used because of
some practical difficulties. The present paper attempts to solve
those difficulties.

Smith’s Model

Smith assumes that secondary electrons may cause transitions
which do not obey the dipole selection rule. During a collision,
the rotational quantum number may vary by AK = |K'— K| =
1,3,5..., instead of varying exclusively by 1 as in Muntz’ model.
Intuitive considerations lead to express the probability of a
K — K’ transition as

KPKI NH(AK71)/2<K|XAK|K/> (1)
where H is the probability of a quadrupole interaction to occur

during a collision. The following equation is derived from
Eqgs. (10-12, 19) of Ref. 7:

Io = [K/@K'+1] 3 XPEN, @
K=0
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where & is the Dirac-function ; Ny, is the population of rotational
level K; I,/ is the intensity of line K' — K'—1; ™Q"" (¢) is the
absolute cross section for excitation from electronic state n and
vibrational level v to n’ and v, respectively [all molecules are
assumed to be initially in the state (n,v)]; ¢ is the energy of
electrons; and N, and N, respectively are the number density
of secondary and primary electrons.

Now, our application of preceding equations will be somewhat
different to Smith’s original one.

A question arises about the factor (K|X*¥|K’>. In Ref. 7, the
normalization introduced by Eq. (16) does not appear in Eq. (19).
It seems that ¥ PX" must be normalized using following equations:

KPpK+AK 4 KpK-AK| _ [JAK-1¥2  if AK odd
=0 if AK even
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and
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Hence
KpK' — Yoo HOK- 1)/2/(2 H(AK—I)/Z) @
j \AK
where

Yoo = <K|XAKKS K| X2K|K + AK ) +
(K|X*¥|K —AK)] if AK odd
=0 if AK even
Equation (3) becomes valid when { K| X*¥|K") is replaced by Yy .
The following equations are easily deduced from Eq. (14) of
Ref. 7 after correction of a typographical error in that equation :

{K|X*¥|K+AK) =AKﬁ1(K+1+i)/[2(K+i)+1]
At 5
(K|X*K|K—AK) = KH (K —i)/[2K—i)+1]
i=0
H(e) = exp [ —2(e— 18.7)/100] (6)

Notice that for primary electrons, ¢ is large and H(e,) is
practically equal to zero. Numerical values of Y., are given in
Ref. 8.

Let Q, (¢) be the cross section for excitation of the (n'v' —n"v")
band, from the state (n, v). Then

Ql (8) — ann’v'(g)n'u'Pn"v” (7)
where the probability of de-excitation "“P""*" is constant for a
given band. Therefore """ (¢) may be replaced by Q,(¢) in
Eq. (3). The vibrational band generally used for rotatiopal
temperature measurements in Nitrogen is the first negative (0-0)
band. Its cross section may serve as Q,. We only need relative
cross sections for Eq. (3). However, in the next section, we shall
have to compare the intensities of the preceding band [(0-0}1N]
with that of the second positive (0-2) band [(0-2)2P], the cross
section of which is denoted as Q,. This requires absolute cross
sections Q, and Q,. Smith” determines Q, from a straight line
fit to the results of Ref. 9. That approximation is only valid near
the threshold and is thought to be in error in the present case
because the integralsin Eq. (3) do not converge rapidly (especially
for AK = 1). For low energy electrons, the results of McConkey,
Woolsey, and Burns!'? for Q, and the results of Burns, Simpson,
and McConkey'! for Q, were used. For high energy electrons,
the following asymptotic expressions were used (see Ref. 8 for
justification):
Q,(e) = 1585¢" log(e/22) g
Q,(e) =25¢"1 } ®)
the units of ¢ and Q are respectively 1 ev and 10718 cm?.

In Eq. (3) the factor N (1/e)"+N,d(c—¢,) is the energy
distribution function f(¢) of electrons; the terms concern,
respectively, secondary and primary electrons. We used a slightly
different expression, consistent with the experimental data of
Ishino quoted by Muntz*?

fl@)=093TN,e 7>+ N, doe—¢,) )]

Equation (2) can now be rewritten
Iy = Z Pyg Ny
K=0
where
Pex = [K'/2K' + D] Yk [LCAK+M]/[L+ 1]
M=0 if AK#1 and M=1 if AK=1

w

Q)¢ " de
18.7
and 4, =0,(,)E,)"”
r 0, (8)e~ 125 exp[(18.7— &) (AK — 1)/100] x
18.7
[1—exp[(18.7—¢)/50]] de

J o, Q1@ e (10)

L=N,A,/N,4,, with A1=0.937j

Cax =
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Table 1 Numerical values of C,, and 4,

Al Cl C3 C5 C7 C9 Cl 1 Cl 3

12.63 0.7595 0.1086 0.0453 0.0242 0.0146 0.0096 0.0067

C15 C17 CIQ C21 C23 CZS C27 ng

0.0048 0.0036 0.0028 0.0022 0.0018 0.0014 0.0012 0.0010

L is recognized as the ratio of respective contributions of
secondary and primary electrons to luminescence. If L =0,
Py =0, except for AK =1, and Smith’s model reduces to
Muntz. Numerical values of C,, and A, are given in Table 1.
C,x is dimensionless and the dimension of A4, is determined by
the same units of ¢ and Q,, as above mentioned.

The method first proposed by Smith consists in solving the
set of Eqs. (10) and determining 7, from the values of N assuming
a Boltzmann repartition. The number of lines available is
necessarily limited and the intensity of unknown lines is set equal
to zero. In most cases, the number of lines is not large enough,
and a non-negligible error is introduced into the values of N
and T,. Our procedure was different. As suggested by Lewy,’
whatever the theoretical model for excitation may be, the
repartition of molecules among the rotational levels of the excited
state is not far from the initial one and the rate of excitation
for a given K’ level may be written, just as in Muntz’ theory

RX ~ 2K’ +1)exp[— K'(K'+ 1)0/T,]JG(K', T}) (11)

where G is a “correction factor” not very different from unity.
Hence

I ~ K'G(K', Tyexp[ — KK+ 1)0/T}] (12)

Applying this to Smith’s model gives an expression for G
deduced from Egs. (10) and (12)

G, T) = i; v L-Cyg+s 2K+1 exp[~K(K+1)0/T]
YT A K L+l 2K+ exp[—KI(K'+1)6/T]
(13)

Then, the determination of T, exactly follows Muntz’ iterative
procedure : guessing a first value of T, and plotting log (I./K'G)
against [ — K'(K’+ 1)8], after correction of the 2: 1 alternance for
odd and even lines, gives approximately a straight line, the slope
of which is 1/T,. The calculation is repeated with the new value
of T.. A few iterations are generally sufficient to give the definitive
result.

Now, the remaining parameter is L. If we can estimate it, T;
can be obtained from Egs. (12) and (13).

Determination of L

Smith” estimates a parameter D, which plays a role similar
to our L, from the intensity ratio R of the second positive system
(0-2) band to the first negative system (0-0) band. Instead of
measuring R in each point, as Smith does, one can use a result
of Maguire!# giving R as a function of the gas number density
n. We propose a relation between R and L. The second positive
system is due to transitions from the N, C*II, state. Assuming
direct excitation from the ground state and absence of non-
radiative de-excitations, we get

r=[ [T esro(%) a|][ | ewre() #|-

(NgAy+N, A AN A +N, A (14)
Hence
L:NSAI/NpAlp=(A2p/A1p_R)/(R_AZ/A1) (15)
where A, and A,, are defined in the same way as A, and 4,,
(A4, = 0.7787, with the same units as previously shown).

However, owing to uncertainties as to the population-
depopulation processes of N, C311,, every attempt to relate R
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Fig. 1 Relative contribution of secondary and primary electrons to
luminescence vs density.

and L (or R and D) must be very careful and ought to be
controlled by experiment. As L was the last parameter to be
determined, we preferred to get a purely empirical expression
by selecting values which made Smith’s model fit with
experimental results of Ref. 2-4, 8, 14, and we did not need to
relate L to R.

A first procedure® consisted in calculating theoretical spectra
for different temperatures and different values of L, assuming
the preceding model was correct. Then an apparent rotational
temperature was deduced from Muntz’ method, asif those spectra
were experimental ones. The difference between the calculated
temperature and the temperature assumed for calculating the
spectra was compared with the experimentally observed
errors.>~*#* This comparison led to the following expression

L =(n/m*"?, with n*=10*? molecules.m 3  (16)
Equation (16) is relatively simple and gives correct values of

T, to +10%, if T, is greater than 30K. However, at lower
temperatures, the agreement between measured and real
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Fig. 2 Experimental conditions of available data.
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temperatures is still poor, although better than using Muntz’
model.

A second procedure allows a better estimation of L. It consists
in calculating 7T, directly from experimental spectra. Different
values of L are tried until T,, is equal to T,. The optimal values
of L found are approximated by a new equation

L = (n/n*)"X(T,/T*™%* (17
with T* =80K and »n* = 10?2 molecules/m~3. Figure 1
illustrates Eq. (17).

As the experimental spectra of Ashkenas® and Hunter* were
not available, this procedure was not possible and we still used
the first one for the data of those authors. Some data of Robben
and Talbot concerning freejets were corrected for rotational
relaxation, according to Ref. 15. For all spectra considered,
correct values of T, were obtained to 5%, except for 1) a spectrum?
recorded at 5K where a precision of 5% (0.25K) is thought to
be unrealistic, both for the method and for the knowledge of the
real temperature, and 2) a spectrum® recorded at 160K where the
error (10%,) has not been clearly explained and may be due to
accidental fluctuation of electron beam intensity during
recording.

Values of L given by Eqgs. (16) and (17) may be very different
from each other, but we must keep in mind that large variations
of L mostly involve small variations in calculated temperatures.
Figure 2 shows the range of temperature and density for which
Eq. (17) has been tested. Table 2 shows the extremal values of
T,/T, for all spectra and clearly shows the successive improve-
ments brought by Smith’s model and Eqgs. (16) and (17).

The variation of L with T is not a drawback, as G is already
a function of 7, and an iterative procedure must necessarily be
employed for solving Eq. (12). However, we do not see any
theoretical explanation to the variation. But, owing to our
procedure, it is possible that the values obtained for L would
be affected by inadequacies either in the estimation of some
quantities [such as H(g)] or in Smith’s model itself. Equation
(17) would then “correct” those inadequacies. Nevertheless, it
should be noticed that the empirical values of L given by Eq. (17)
at 300K are of the same order of magnitude as the values of L
deduced independently from experimental measurements [Eq.
(15) and Ref. 14], which confirms the physical meaning of this
fitting parameter and consequently the validity of Smith’s model.
Furthermore, this model is able to explain variations of measured
rotational temperature with density, temperature and number of
lines, that have been previously observed. Therefore, it is thought
to be a better description of the physical phenomena than the
previous models.

The precedent estimations of errors were all made with a
number of lines determined by the following rule: when the
intensity of a line with K’ odd was smaller than the tenth of the
greatest line intensity, this line and the following ones were
dropped. This rule made the number of lines vary from
4(T, ~ 10K) to 20(T, ~ 300K). However, it is worth pointing out
that temperatures obtained by Smith’s model are much less
depending on the number of lines involved, than temperatures
obtained by Muntz” model.

Table 2 Extremal values of T,,/T, for different expressions of L

Temperatwre ;o _ (unf2 L = (nfn*) VAT TS
range (Muntz) Eq.(16) Eq.(17)
(K)

1 000 0.96-1.01 0.94-0.99 0.95-1.01
750 0.98-1.02 0.96-0.99 0.98-1.02
300 0.96-1.08 0.93-1.02 0.96-1.05
160 1.02-1.14 0.92-1.07 0.96-1.10

75 1.06-1.17 0.95-1.05 095-1.04
30 1.16-1.17 1.08-1.10 0.98-1.02
13 1.69 1.56 096

9 1.93 1.73 1.04

5 203 1.87 0.87
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Conclusion

Based on the theoretical excitation/de-excitation model
proposed by Smith,” a method has been proposed for calculating
rotational temperatures from an analysis of the light emitted by
nitrogen when it is excited by an electron beam. The original
model has been improved in the following way in order to
increase its accuracy and to make it easier to use: 1) a normaliza-
tion coefficient that had been omitted by Smith has been added
to Eq. (3); 2) an incorrect approximation for Q, has been
removed; 3) instead of using an approximate expression
KPX' ~ D/(AK —1)?, all constants appearing in XPX" have been
calculated numerically; 4) the influence of secondary electrons,
which is characterized by L, has been estimated by fitting Smith’s
model to available experimental data and an empirical expression
has been proposed. Such a procedure avoids Smith’s additional
measurement of R; and 5) the iterative procedure suggested by
Lewy'3 has been applied to Smith’s model. Difficulties related
to solving Eqs. (10) using the inversion of a matrix which should
have an infinite dimension thus disappear.

Allinformation has been given for a practical use of the method
in the future. Its precision is estimated to 5% in the temperature
and density range investigated.
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